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This study is performed with the aim of gaining insights into the possible applicability of the
quark-hadron continuity concept, not only in the idealized case of three-flavor symmetric quark
matter, but also for the transition from neutron matter to two-flavor quark matter. A key issue is
the continuity between neutron superfluidity and a corresponding superfluid quark phase produced
by d-quark pairing. Symmetry arguments are developed and relevant dynamical mechanisms are
analyzed. It is pointed out that the 3P2 superfluidity in dense neutron matter has a direct analogue
in the 3P2 pairing of d-quarks in two-flavor quark matter. This observation supports the idea that
the quark-hadron continuity hypothesis may be valid for such systems. Possible implications for
neutron stars are briefly discussed.
I. INTRODUCTION
Two decades ago a conceptual framework for a con-
tinuous connection between hadronic and quark phases
of dense matter described by quantum chromodynam-
ics (QCD) was suggested in Ref. [1], based on the ex-
act matching of symmetry breaking patterns and low-
lying excitations in both domains. In a similar con-
text, for three-flavor matter, correspondences between
condensates of pairs of hadrons and quarks have been
discussed in Ref. [2]. These are the foundations for
what is called the “quark-hadron continuity” of mat-
ter at high baryon density. A Ginzburg-Landau anal-
ysis shows that matter at sufficiently low temperature
goes through a smooth crossover from the hadronic to
the quark phase as one increases the baryon density [3].
Such a continuous crossover is also realized in a three-
flavor Nambu–Jona-Lasinio model [4]. These features are
further borne out by the spectral continuity of Nambu-
Goldstone (NG) modes [5] and vector mesons [6]. Re-
cently the continuity of topological defects such as super-
fluid vortices that appear both in the hadronic phase and
the color-flavor locked (CFL) phases have been under dis-
cussion [7–9]. A state-of-the-art result based on emergent
higher-form symmetry gives a plausible explanation for
the quark-hadron vortex continuity to hold even beyond
the Ginzburg-Landau regime [10]. Some supplemental
arguments for the continuity can be found also in the
large-NC limit (with NC being the color number) where
the color-superconducting gap is suppressed: quarkyonic
matter [11] refers to such continuity or duality between
nuclear and quark matter. Implications of quarkyonic
matter to neutron star physics have been discussed in
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Ref. [12]. For phenomenology in favor of quarkyonic mat-
ter, see recent works [13, 14].
Inspired by these theoretical developments, the conti-
nuity scenario is now also being considered in the con-
text of neutron stars. Particular examples are the phe-
nomenological constructions of the dense matter equation
of state (EoS), with quark-hadron continuity taken into
account [15–18]. Conversely, recent attempts to extract
the neutron star EoS directly from astrophysical observa-
tions, using different methods such as machine learning
and Bayesian inference [19–22], may provide a basis for
judging the continuity hypothesis.
The above-mentioned continuity concept is so far pri-
marily based on idealized SU(3) flavor symmetric set-
tings. In reality, the strange (s) quark in QCD is much
heavier than the up (u) and the down (d) quarks, with
a mass ratio ms/mu,d ∼ 30. It is therefore more natural
to consider isospin-symmetric two-flavor systems rather
than starting from three-flavor symmetry.
A prototype example of dense baryonic matter is real-
ized in the interior of neutron stars. Their composition is
dominated by neutrons, accompanied by a few percent of
protons in β-equilibrium. In the present work we focus on
superfluidity in neutron stars (see, e.g., Refs. [23, 24] for
a review). Under the aspect of quark-hadron continuity,
the following issue arises: as one proceeds to high baryon
densities, does neutron superfluidity have a correspond-
ing analogue at the quark level? The neutrons undergo
BCS pairing in a 1S0 state at low baryon densities, i.e.,
nB < 0.5n0 (with n0 ' 0.16 fm−3, the saturation den-
sity of normal nuclear matter). This type of superfluid
is believed to exist in the inner crust of neutron stars.
With increasing baryon density, neutron pairing in the
3P2 state starts to develop and becomes the dominant
pairing mechanism for nB > n0, inward-bound towards
the neutron star core region. This realization of 3P2 su-
perfluidity is based on the observed pattern of nucleon-
nucleon (NN) scattering phase shifts [25, 26]. The phase
shift of the 1S0 partial wave changes sign from positive to
ar
X
iv
:1
90
8.
09
36
0v
2 
 [h
ep
-p
h]
  2
8 J
an
 20
20
2Neutron superfluid Color superconductor
d u
du
d
d
u d
d
d
ud
u d
d
d
ud
nB∼ n0 ∼ 5n0 ∼ 10n0
FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.
negative with increasing energy of the two nucleons, indi-
cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1S0 channel is disfavored at high densities
and taken over by pairing in the 3P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral effective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].
Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1S0 and
3P2 superfluidity. Related
two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1.
This paper is organized as follows. In Sec. II we de-
scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) 〈ud〉 and
superfluid 〈dd〉 diquark condensates. Section V clarifies
the microscopic mechanism that induces the 〈dd〉 con-
densate in the 3P2 state. In Sec. VI A, we demonstrate
that the 3P2 〈dd〉 diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
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FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + 〈dd〉 color
superconductor.
an isolated nucleon it is also a key subject of deeply-
virtual Compton scattering measurements at JLab [33].
In Sec. VI B, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.
II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER
In the extreme environment realized inside neutron
stars, the conditions of β-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction effects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration. Here, we assume matter
at densities around the onset of u, d quarks where the
onset of strangeness degrees of freedom may not occur
yet. This assumption is in accordance with the current
two-solar-mass pulsar constraints [34].
The β-equilibrium imposes a condition on the chemical
potentials of participating particles:
µn = µp + µe , µd = µu + µe , (1)
for the hadronic and the quark phases, respectively. Here
µe is the chemical potential of the (negatively charged)
electrons. Neutrinos decouple and do not contribute to
the chemical potential balance. For a given baryon num-
ber density, nB, in the hadronic phase, we have two more
conditions for the baryon number density and the electric
charge neutrality, namely,
np + nn = nB , np = ne . (2)
For non-interacting particles the density is related to the
chemical potential through
ni =
(µ2i −m2i )3/2
3pi2
, (3)
3where i stands for p, n, e in the hadronic phase and for u,
d, e in the quark phase. The equations (1,2,3) can then
be solved for the three variables, µp, µn, µe, as functions
of baryon density nB.
In a relativistic mean-field picture of strongly inter-
acting matter the interaction effects are incorporated in
terms of scalar and vector condensates. The scalar mean
field changes the nucleon mass from its vacuum value to
a (reduced) in-medium effective mass. The vector mean
field shifts the chemical potentials. Here we are not inter-
ested in fine-tuning parameters but rather in qualitative
features of the Fermi surface mismatch between different
particle species. With inclusion of interactions, Eq. (3) is
modified with µi replaced by the shifted chemical poten-
tials and mp/n by the in-medium masses:
µ∗p = µp − (Gv +Gτ )np − (Gv −Gτ )nn , (4)
µ∗n = µn − (Gv +Gτ )nn − (Gv −Gτ )np , (5)
m∗p/n = mp/n〈σ〉/fpi , (6)
where Gv and Gτ denote the coupling strength param-
eters of isoscalar and isovector vector fields. For guid-
ance we use typical couplings as they emerge in a chi-
ral meson-nucleon field theory combined with functional
renormalization group methods, applied to dense nuclear
and neutron matter [35]:
Gv ∼ 4 fm2 , Gτ ∼ 1 fm2 . (7)
The scalar mean field 〈σ〉 is normalized to the pion decay
constant fpi ' 92 MeV in vacuum and decreases with in-
creasing baryon density. Its detailed density dependence
is non-linear, but for the present discussion it is sufficient
to realize that 〈σ〉 drops to about half of its vacuum value
at nB ∼ 5n0 (see Fig. 25 of Ref. [35]). So we parametrize
the density dependence of the scalar condensate as
〈σ〉µ ' 〈σ〉0
(
1− 0.1nB
n0
)
. (8)
Next we determine µp, µn, µe as functions of nB. The
energy dispersion relations are characterized by the in-
medium quantities µ∗i and m
∗
i . The shifted chemical po-
tentials are shown in Fig. 3. Solid lines represent results
with inclusion of the interaction effects using the param-
eters mentioned. The dashed lines are the results with
interactions turned off, i.e., using vacuum masses and no
shifts on the chemical potentials. In the neutron star
environment, µ∗n is naturally larger than µ
∗
p: neutrons
dominate the state of matter. Interestingly, the Fermi
surface mismatch between neutrons and protons is quite
stable with respect to interaction effects, while µe is sig-
nificantly modified.
For quark matter, the corresponding quark chemical
potentials are determined by an analogous set of three
conditions. Apart from binding energy effects which
we neglect here for simplicity, we use constituent quark
masses,
mu = 312.3 MeV , md = 313.6 MeV , (9)
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FIG. 3. Nucleon chemical potentials, µp, µn, µ
∗
p, and µ
∗
n as
functions of the baryon number density nB normalized by
the normal nuclear density n0. The solid and dashed lines
represents results with and without the interaction effects,
respectively.
fixed to reproduce physical proton and neutron masses,
mp = 2mu + md and mn = 2md + mu. We note that
the vector couplings gv and gτ in the quark sector should
be smaller than Gv and Gτ by 1/9 because of the dif-
ference by a factor NC = 3 between baryon and quark
number. It is an interesting observation that our input,
gv ∼ Gv/9 = 0.44 fm2, is suggestively close to a recent
estimate [36]: gv ∼ piαs/(3p2F) ∼ 0.5 fm2 (an additional
factor of two appears here because of a different conven-
tion in Ref. [36]). For the density-dependent constituent
quark masses we assume the same scaling with 〈σ〉 as for
the nucleon mass. In-medium chemical potentials and
quark masses are then incorporated as
µ∗u = µu − (gv + gτ )nu − (gv − gτ )nd , (10)
µ∗d = µd − (gv + gτ )nd − (gv − gτ )nu , (11)
m∗u/d = mu/d〈σ〉/fpi . (12)
Figure 4 shows the shifted quark chemical potentials as
functions of nB. In this case again, µ
∗
d is naturally larger
than µ∗u for neutron-rich matter in β-equilibrium and
under the electric neutrality condition. At high baryon
densities this Fermi surface mismatch between d and u
quarks shows a correspondence to the mismatch between
neutrons and protons in neutron star matter. It sug-
gests the possibility of pairing in the I = 1 dd channel
analogous to the superfluid neutron pairing mentioned
previously.
III. SYMMETRY ARGUMENTS FOR
QUARK-HADRON CONTINUITY
Here we give a brief overview of quark-hadron con-
tinuity from the symmetry point of view. If the pat-
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FIG. 4. Quark chemical potentials, µu, µd, µ
∗
u, and µ
∗
d as
functions of the baryon number density nB normalized by
the normal nuclear density n0. The solid and dashed lines
represents results with and without the interaction effects,
respectively.
tern of spontaneous symmetry breaking features a dis-
continuity between two states or compositions of mat-
ter, there must be at least one phase transition sepa-
rating these two states. This implies that, if two such
states are smoothly connected without a phase transi-
tion, the symmetry breaking pattern must be identical
on both sides. We describe in the following how this
symmetry argument works for quark-hadron continuity,
first in the three-flavor case and next in the two-flavor
case. While the former is well established through the
pioneering work of Ref. [1], the latter is a novel scenario
that we are proposing in the present work.
A. Three-flavor case
The ground state of three-flavor symmetric quark mat-
ter at high density supposedly accommodates diquark
condensates featuring a CFL phase. It has been demon-
strated that the CFL phase is characterized by the same
symmetry breaking pattern as the hadronic phase with
a superfluid [1]. Here, diquarks in the color-antitriplet,
the flavor-triplet, and the scalar channel, which are of-
ten called the “good” diquarks in the context of exotic
hadrons (see, e.g., Ref. [37]), play an essential role for the
symmetry argument. We thus introduce the correspond-
ing good diquark operator as
ΦˆαA ≡ N αβγABC qˆ>βB Cγ5 qˆγC , (13)
where N is a normalization [38]. In the present study nu-
merical values of superconducting gaps are not essential,
so we often omit the normalization factor for simplicity.
The charge conjugation matrix, C ≡ iγ0γ2, is inserted
to form a Lorentz scalar. In the expression above the
spin or Dirac indices are all contracted implicitly. Greek
indices (α, β, γ) and capital indices (A,B,C) represent
color and flavor, respectively.
In terms of left-handed and right-handed fermions, the
diquark operator can be decomposed into ΦˆαAL and Φˆ
αA
R ,
respectively. Because diquark condensation in the scalar
channel is favored by the axial anomaly, the left- and
right-handed condensates, ΦαAL ≡ 〈ΦˆαAL 〉 and ΦαAR ≡
〈ΦˆαAR 〉, in the CFL phase have the property:
ΦαAL = −ΦαAR = δαA∆ , (14)
where gauge fixing is assumed so that the color direction
aligns with flavor as δαA, and ∆ is a gap parameter.
Clearly ΦαAL breaks both flavor SU(3)L and color
SU(3)C, but a simultaneous color-flavor rotation can
leave ΦαAL unchanged. In the same way Φ
αA
R breaks both
flavor SU(3)R and color SU(3)C down to their vectorial
combination. This unbroken vectorial symmetry is com-
monly denoted as SU(3)C+L+R. Hence the symmetry
breaking pattern can be summarized as G → H with
G = [SU(3)C]× SU(3)L × SU(3)R ×U(1)B ,
H = SU(3)C+L+R , (15)
apart from redundant discrete symmetries. Here
[SU(3)C] represents the global part of color symmetry
(while local gauge symmetry is never broken). The spon-
taneous breaking of global color symmetry makes all
eight gluons massive due to the Anderson-Higgs mech-
anism. It is important to note that U(1)B corresponding
to baryon number conservation is spontaneously broken,
so that the CFL state can be regarded as a superfluid.
A more detailed discussion on nontrivial realization of
the U(1)B breaking will be given when we consider the
two-flavor case in what follows.
The crucial point is now that chiral symmetry break-
ing (15) in the CFL phase is identical to the familiar sce-
nario in the hadronic phase. The low-energy properties
of matter are governed by NG bosons, which implies that
chiral EFT can be systematically formulated for the CFL
state [39, 40]. Therefore the theoretical descriptions of
hadronic and CFL matter are analogous by construction.
This is the basic message of Ref. [1] which pointed out the
important possibility that hadronic and CFL matter can
be continuously and indistinguishably connected.
Continuity is a strong hypothesis, requiring a one-to-
one correspondence between physical degrees of freedom
in hadronic and quark matter. The CFL phase works
with quarks, gluons and chiral NG bosons. The spec-
trum of their excitations can be translated into the rele-
vant composite degrees of freedom in the hadronic phase:
nonet baryons, octet vector mesons, and the octet of
pseudoscalar NG bosons. Further steps have recently
been made investigating the issue of vortex continuity
but some controversies still remain.
From the discussions so far one may have thought that
U(1)B is not necessarily broken in the hadronic phase.
Surely, on the one hand, the hadronic vacuum at zero
5density does not break U(1)B. On the other hand, it is
known that nuclear matter can have a superfluid compo-
nent generated by the pairing interaction of nucleons. It
is thus conceivable that superfluidity also develops in ide-
alized three-flavor symmetric baryonic matter. We shall
return to related considerations in Sec. IV where a su-
perfluid operator for baryons will be explicitly identified.
B. Two-flavor case
The color-flavor-locked configurations assign a special
significance to NF = NC = 3: quark-hadron continuity
is usually not postulated for the two-flavor case. In this
subsection we point out, however, that such a continuity
scenario is also possible for two-flavor nuclear and quark
matter. In order for the two-flavor continuity scenario to
make sense, the requirements at the quark matter side
are: (1) Strangeness is negligible, (2) Quarks are decon-
fined and the chiral symmetry is still broken, (3) Baryon
superfluidity occurs.
1. 2SC phase
The ground state of two-flavor symmetric quark matter
at high density is considered to be the 2SC phase with
the following condensates,
ΦαAL = −ΦαAR = δα3δA3∆ . (16)
The color direction, δα3, is a gauge choice consistent with
Eq. (14). These condensates imply a symmetry breaking
pattern, G → H, with
G = [SU(3)C]× SU(2)L × SU(2)R ×U(1)B ,
H = [SU(2)C]× SU(2)L × SU(2)R ×U(1)C+B . (17)
The 2SC condensates partially break the global color
symmetry: five out of eight gluons become massive. Since
the flavor structure of Eq. (16) is a singlet in the two-
flavor sector, chiral symmetry remains intact. Moreover,
a modified version of U(1)B survives unbroken.
To exemplify the unbroken U(1)C+B, consider the
color-flavor combinations of the pairing underlying
Eq. (16). The 2SC phase has nonzero condensates,
〈(ru)(gd)〉 , 〈(rd)(gu)〉 , (18)
where (ru) denotes a red u quark, etc. Under the U(1)B
transformation, qˆ → eiθ/3qˆ, these two pairs receive a
phase e2iθ/3 which can be canceled by a color rotation,
qˆ → e−i(2/
√
3)θT8 qˆ, with T8 =
1
2
√
3
diag(1, 1,−2). In the
same way we see that the 2SC phase is not an electro-
magnetic superconductor. The original U(1)em symme-
try generated by Qe = diag(
2
3 ,− 13 )e is broken, but mod-
ified U(1)e˜m remains unbroken which is generated by a
mixture of Qe and T8,
Q˜e = Qe − e√
3
T8 . (19)
It is therefore evident that the pure 2SC phase itself can-
not be smoothly connected to the hadronic phase: sym-
metry breaking patterns are different. Nevertheless, a
coexisting phase is not excluded, in which a chiral con-
densate 〈q¯q〉 and diquark condensates (16) are simulta-
neously non-zero. Coexistence has been confirmed in the
preceeding model calculations in Refs. [41]. Hereafter we
assume 〈q¯q〉 6= 0 in our following discussions. In this way
the chiral symmetry breaking part is trivially matched to
the hadronic phase. Below we see that this assumption
can be relaxed by an additional condensate.
In contrast to chiral symmetry broken by 〈q¯q〉, super-
fluidity is a nontrivial issue. As previously mentioned,
the hadronic phase has a superfluid component gener-
ated by pairing interactions between nucleons. The quark
matter analogue should therefore likewise break U(1)B in
order for the continuity scenario to be consistently valid.
2. 2SC+〈dd〉 phase
As discussed in Sec. II, neutron matter with its max-
imal isospin asymmetry has an abundance of d quarks
which are not paired with u quarks. One can therefore
anticipate the formation of a 〈dd〉 diquark condensate at
high baryon densities. The microscopic structure of 〈dd〉
will be clarified later; for the moment let us consider
the simplest case, namely, scalar 〈dd〉 in the color-sextet
channel. On first sight such a condensate appears not to
be favored because the one-gluon exchange interaction in
the color-sextet channel is repulsive. But it will turn out
as we proceed that this repulsive short-distance force is
important for the microscopic structure of 〈dd〉.
Now, if a non-zero 〈dd〉 in the color-sextet channel co-
exists in the 2SC phase which may well be called the
2SC+〈dd〉 phase, we can confirm that U(1)B symmetry
or its modified variants do not survive. The possible
color-flavor combinations are,
〈(αd)(βd)〉 , (20)
where the color pairs are symmetric: (α, β) = (r, r),
(g, g), (b, b), (r, g), (g, b), (b, r). Under the transforma-
tion, qˆ → eiθe−i2
√
3θT8 qˆ, the pairs (α, β) = (r, r), (g, g),
(r, g) are invariant, but the remaining three combina-
tions change nontrivially. If we consider continuity from
neutron matter, (α, β) = (b, b) is favored since ud di-
quarks are chosen as Eq. (16) in a gauge-fixed descrip-
tion of the 2SC phase. Thus, the 2SC+〈dd〉 phase breaks
U(1)B and exhibits superfluidity. Also, 〈dd〉 induces the
chiral symmetry breaking even without the chiral con-
densate. This 〈dd〉 fulfills the desired properties for the
quark-hadron continuity to be valid, which are lacking in
the pure 2SC phase. The dynamical aspect of the chiral
symmetry breaking in a certain model deserves further
consideration as a future work. Here we note that the
single-color and single-flavor pairing such as 〈(bd)(bd)〉
has been studied in the preceding work [42].
6Finally, before closing our symmetry argument for
quark-hadron continuity, we note that modified electro-
magnetic U(1)e˜m remains unbroken, so the 2SC+〈dd〉
phase cannot be an electromagnetic superconductor. To
confirm this, the quickest way is that (bd) quarks, dom-
inant constituents in 〈dd〉, are neutral with respect to
Q˜e. Therefore, 〈dd〉 does not affect the U(1)e˜m symme-
try. The charge properties of the (bu) and (bd) quarks in
the 2SC were explicitly given in Ref. [43].
In the CFL phase, (bu) and (bd) quarks are identified
with protons and neutrons, respectively [2], thus it is also
natural to expect the neutron condensate 〈nn〉 maps to
〈(bd)(bd)〉 condensate in the 2SC phase. It is also worth
mentioning that 〈(bu)(bu)〉 breaks the U(1)e˜m symmetry,
which is consonant with the fact that the 〈pp〉 condensate
induces the proton superconductivity.
Even with 〈dd〉 condensation, there remain unpaired
quarks in the 2SC+〈dd〉 phase. These unpaired quarks
do not affect the continuity but may dominate low en-
ergy excitations, which may eventually be suppressed by
dynamical symmetry breaking.
IV. REARRANGEMENT OF THE
ORDER-PARAMETER OPERATORS
The following exercise is to formally demonstrate
quark-hadron continuity using gauge-invariant order pa-
rameters. An essential observation for the intuitive un-
derstanding of quark-hadron continuity lies in the fact
that no physical or gauge-invariant quantity can dis-
criminate nuclear and quark matter. This observation
is traced back to the absence of any order parameter for
deconfinement of dynamical quarks in the color funda-
mental representation.
Throughout this work we describe the low-lying
baryons in terms of a quark-diquark structure; for our
purpose matching of the right quantum number is suffi-
cient. In this picture the colorless spin- 12 baryon opera-
tors, with flavor indices A,B shown explicitly, are given
by:
BˆABσ = ΦˆαAqˆBασ , (21)
where σ denotes the spin index. We note again that
the normalization is dropped for notational brevity. This
baryon interpolating operator may well have the largest
overlap with the physical state, so such a combination of
quark-diquark can be regarded as a reasonable approxi-
mation for baryon wave-functions. In any case, as long
as we consider the quark-hadron continuity, what really
matters is the quantum number only.
A. Three-flavor symmetric case
Here we start with the order parameters in the CFL
phase which are then translated into the hadronic repre-
sentation. The gauge-invariant order parameters are the
mesonic and the baryonic condensates defined as
MAB = 〈MˆAB〉 = 〈Φˆ†AαΦˆαB〉 , (22)
ΥABC = 〈ΥˆABCCFL 〉 = 〈αβγΦˆαAΦˆβBΦˆγC〉 , (23)
respectively. We are primarily interested in superfluidity
aspects and hence focus on ΥˆABC . Decomposing ΦˆαA
into quarks and combining the quark operators with the
remaining ΦˆβB and ΦˆγC to form two-baryon operators,
one arrives at
ΥˆABC = 2AMN BˆBMσ (Cγ5)σσ′ BˆCNσ′ . (24)
Let us now limit ourselves to the octet baryons:
BAB8 =

1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 − 2√
6
Λ

AB
,
(25)
where (Cγ5)> = −Cγ5 is used with > denoting the trans-
pose. Thus, the flavor-singlet CFL order parameter,
Υ(0) ≡ ABCΥABC , is smoothly connected to superfluid
strange baryonic matter, explicitly represented as
Υ(0) = 2(Cγ5)σσ′〈BˆAA8σ BˆBB8σ′ − BˆAB8σ BˆBA8σ′ 〉
∝ (Cγ5)σσ′〈 12ΛσΛσ′ + 12Σ0σΣ0σ′ +Σ+σΣ−σ′ +pσΞ−σ′ +nσΞ0σ′〉 .
(26)
At this point we consider the non-relativistic reduction
of the dibaryonic condensates. Conventinally the 3P2
neutron superfluidity has been discussed in the non-
relativistic regime, so it is useful to see what the rela-
tivistic counterpart of the non-relativistic condensates is.
The term 〈ΛΛ〉 may serve as a specific example. The
generalization to other terms is straightforward. Using
a solution of the Dirac equation with γµ in the Dirac
representation, the four-component spinor of the Λ is ex-
pressed as
Λ =
 ϕΛσ · p
Ep +mΛ
ϕΛ
 , (27)
with two-component spinors ϕΛ. The lower components
are negligible in the limit mΛ  |p| and one finds
(Cγ5)σσ′〈ΛσΛσ′〉 = 〈ϕ>Λ iσ2ϕΛ〉 , (28)
in terms of the non-relativistic wave function ϕΛ whose
two components correspond to the spin degrees of free-
dom.
B. Two-flavor 1S0 superfluid matter
The preceding subsection started by identifying the
ground state as quark matter in the CFL phase followed
by the rearrangement of order parameters in terms of
7baryonic operators. For the two-flavor case we follow
an inverse sequence of steps: the starting point is now
neutron matter with a superfluid component and we in-
vestigate the possibility of a continuous transition to su-
perfluid quark matter with an excess of d-quarks.
As long as the baryon density is below the onset of
P -wave superfluidity, the neutron superfluid occurs in
the 1S0 channel. In this case the superfluid order pa-
rameter in neutron matter is given by 〈ϕ>n iσ2ϕn〉 in the
non-relativistic representation [see Eq. (28)], which can
be generalized into a relativistic expression as
〈ϕ>n iσ2ϕn〉 → 〈ΥˆS〉 ≡ 〈nˆσ(Cγ5)σσ′ nˆσ′〉 . (29)
The relativistic neutron operator, nˆ, can be written in
terms of its composition of udd quarks, i.e.,
nˆσ = 
αβγ (uˆ>αCγ5dˆβ)dˆγσ = Φˆγuddˆγσ , (30)
where we have introduced the “good” two-flavor diquark
operator, Φˆγud ≡ αβγ uˆ>αCγ5dˆβ [cf. Eqs. (13) and (16)].
It is then straightforward to rearrange the indices and
factorize ΥS ≡ 〈ΥˆS〉 into diquark condensates as
ΥS = 〈ΦˆαudΦˆβud dˆ>αCγ5dˆβ〉 ≈ Φαud Φβud 〈dˆ>αCγ5dˆβ〉 . (31)
At high densities where the physical degrees of free-
dom are dominated by quarks and the anti-triplet di-
quark condensate develops, ΥS should be largely given
by the right-hand side in a sense of a standard mean-
field approximation; we transform the gauge-variant di-
quark field by introducing the fluctuation from its mean
value, and neglect the higher order fluctuation term.
Here, we assumed unitary gauge fixing to make our dis-
cussion clear. From the expression (31) we see that
a scalar 〈dd〉 condensate is induced in a scenario that
smoothly connects superfluid neutron matter to quark
matter. The condensate 〈dd〉 is symmetric in flavor and
anti-symmetric in spin, and hence symmetric in the color
indices α, β. This means that the permitted color struc-
ture belongs to the sextet representation. As previously
argued in Sec. III, 〈dd〉 breaks U(1)B and therefore ex-
hibits S-wave superfluidity. In essence, the neutron su-
perfluid is transformed continuously into the d-quark su-
perfluid.
C. Two-flavor 3P2 superfluid matter
For P -wave superfluidity the quark-hadron continuity
argument proceeds in a similar way. We start by writing
down the pairing operator of two neutrons in the S = 1
and L = 1 channel as
ϕ>n σ
2σi∇jϕn , (32)
where the indices i and j run over spatial coordinates x,
y, and z.
Now, to address continuity from neutron matter to
quark matter, we need to generalize the pairing opera-
tor into a relativistic form. This generalization may not
be unique; some part of the spatial derivative can emerge
from the lower component of the spinor (27). The only
boundary condition is to recover Eq. (32) in the non-
relativistic limit, and it is of course desirable to adopt
expressions that are as simple as possible. One such can-
didate is
ϕ>n σ
2σi∇jϕn → ΥˆijP ≡ nˆ>Cγi∇j nˆ . (33)
With this operator, the index structures for the 3P0,
3P1,
and 3P2 channels can be further classified as follows:
3P0 : ΥˆP0 = Υˆ
ii
P , (34)
3P1 : Υˆ
i
P1 = 
ijkΥˆjkP , (35)
3P2 : Υˆ
ij
P2
= ΥˆijP −
1
3
δij ΥˆP0 . (36)
The expression of the 3P2 operator above is in conso-
nance with the general form of the gap matrix for J = 2
pairing [44]. As we argued before, at sufficiently high
baryon density the 3P2 state is favored.
Simple algebra as in the previous subsection then leads
to the rearrangement of the operators from neutrons to
diquarks as follows:
ΥijP = 〈ΥˆijP 〉
≈ Φαud(∇jΦβud)〈dˆ>αCγidˆβ〉+ ΦαudΦβud〈dˆ>αCγi∇j dˆβ〉 .
(37)
Here the first term proportional to ∇Φβud can be non-
zero if the ground state develops a crystalline color-
superconducting phase in which the Cooper pair carries a
finite net momentum. It is an interesting problem how to
optimize a possible interplay between the crystalline pro-
file and the spin-1 condensate 〈dγid〉, but we postpone
this discussion and leave such a possibility for a future
study.
In this work we concentrate on the second term in-
volving 〈dγi∇jd〉. It is now evident that the 3P2 nature
of neutron superfluidity is translated to that of d quarks
with their color configuration coupled to the scalar di-
quark condensates in Eq. (37). As in the case of 1S0 su-
perfluidity, this tensorial 〈dγi∇jd〉 condensate would also
retain the baryon superfluidity. The symmetry breaking
patterns on both sides of neutron and quark matter be-
come exactly the same. The remaining step is now to
understand the dynamics that favors 3P2 over
1S0 pair-
ing with increasing baryon density.
V. DYNAMICAL PROPERTIES FAVORING
TRIPLET P -WAVE PAIRING
Next we analyze dynamical mechanisms for 3P2 pair-
ing in the dd channel. This dynamical consideration is
aimed to establish the quark-hadron continuity and to
match the quantum number of angular momentum to
the neutron superfluid, which also carries the 3P2 angu-
lar momentum quantum number. We first discuss why
8P -wave pairing is preferred instead of S-wave pairing.
Then the role of the spin-orbit interaction in favoring
the J = 2 state among the 3PJ=0,1,2 channels will be
clarified.
A. Short-range repulsive core favoring L = 1
Dense neutron matter is strongly affected by the short-
distance dynamics of the NN interaction. At low densi-
ties, the attractive 1S0 interaction dominates, while the
P -wave (L = 1) interaction takes over at higher densi-
ties. The short-range repulsion in the 1S0 channel acts
to change the sign of the effective nn interaction at the
Fermi surface, from attractive to repulsive at densities
nB & 0.5n0. The 1S0 pairing becomes disfavored as com-
pared to P -wave pairing. The question is now whether
an analogous short-distance repulsive mechanism can be
identified in the interaction between two d-quarks.
At very high densities where a perturbative QCD treat-
ment is feasible, the quark scattering amplitude is well
described by one-gluon exchange with the following color
structure:
8∑
A=1
TAαα′T
A
ββ′ =−
1
3
(δαα′δββ′ − δαβ′δα′β)
+
1
6
(δαα′δββ′ + δαβ′δα′β) , (38)
where TA’s are the color SU(3) generators (A = 1, . . . , 8).
The first term corresponds to the attractive 3¯A channel,
whereas the second term corresponds to the repulsive 6S
channel. The color structure of our dd condensate is in
fact in the symmetric color sextet representation. There-
fore, in the perturbative region, the short-range part of
the interaction between d quarks is repulsive and natu-
rally disfavors S-wave pairing.
In the confined phase, a short-distance repulsive inter-
action between quarks can be thought of as emerging
from quark-gluon exchange in a non-relativistic quark
model picture (cf. the sketch in the middle of Fig. 1).
Indeed it has been shown that the short-range repulsive
core in the 1S0 channel of the nucleon-nucleon interac-
tion arises from the combined action of the Pauli princi-
ple and the spin-spin force between quarks [45, 46]. Us-
ing the resonating group method, the scattering phase
shifts between two nucleons in S-wave were calculated
and turned out to be negative (see Fig. 2 of Ref. [45]).
We show now that this mechanism correctly accounts for
the short-distance repulsive behavior of the interaction
between two d-quarks.
In the non-relativistic quark model analysis of the in-
teraction between two nucleons, one needs to consider
only single quark exchange with spin-spin correlation.
Two- or three-quark exchange processes are redundant
modulo exchange of the two nucleons. For two interacting
neutrons, assuming 〈ud〉 pairing in 2SC configurations
(see Sec. III B), one can therefore focus on the exchange
N N
FIG. 5. Short-range interaction between neutrons mediated
by quark-gluon exchange.
interaction between the two d-quarks and construct the
dd potential as illustrated in Fig. 5: two d quarks cross
their lines in the presence of an exchanged gluon. Direct
gluon exchange without quark exchange is not allowed
because of color selection rules. The one-gluon exchange
(OGE) potential reads [47]:
V OGE12 =
(∑
A
TA1 T
A
2
)
αs
4
[
1
r12
− 2pi
3m2q
(s1 ·s2) δ3(r12)
]
,
(39)
omitting the tensor term in this expression. Here r12 de-
notes the distance between quarks 1 and 2. Their spin
operators are denoted by s1 and s2. The color struc-
ture in front of the potential is exactly the same as the
representation in Eq. (38). In close analogy with the nn
interaction, short-range repulsion appears in the dd po-
tential. Therefore pairing in L = 0 is disfavored and
superfluidity appears predominantly in the L = 1 state.
B. Spin-orbit interaction favoring J = 2
The previous discussion has pointed to dd quark pair-
ing in 3PJ states. While the spin triplet necessarily fol-
lows in L = 1 states from the statistics of the wave func-
tion, the total angular momentum J is still left unspeci-
fied.
In neutron star matter, 3P2 neutron superfluidity oc-
curs because of the strong spin-orbit interaction between
neutrons. The matrix elements of
L · S = 1
2
[J(J + 1)− L(L+ 1)− S(S + 1)] (40)
are −2,−1 and +1 in 3P0, 3P1 and 3P2 states, respec-
tively. With an extra minus sign in the spin-orbit poten-
tial, there is attraction in 3P2 and repulsion in
3PJ=0,1
channels. These features are also reflected in the em-
pirical triplet P -wave phase shifts. The tensor force in
3P2 is relatively weak: ten times smaller than the one in
the 3P0 channel. In the absence of the spin-orbit force,
superfluidity would in fact appear in 3P0.
9The neutron-neutron spin-orbit interaction is gener-
ated by Lorentz scalar and vector couplings of the neu-
trons. In chiral theories, such couplings involve two-
and three-pion exchange mechanisms. Phenomenologi-
cal boson exchange models [48, 49] associate these in-
teractions with scalar and vector boson fields, σ(x) and
vµ(x). The vector field includes isoscalar and isovector
terms (sometimes identified with ω and ρ mesons, but
ultimately representing multi-pion exchange mechanisms
together with short-distance dynamics). In the neutron-
neutron interaction the isoscalar and isovector terms have
the same weight (the extra factor in the isovector part is
τ 1 · τ 2 = 1).
We start from the following boson-nucleon vertex La-
grangians:
LS =− gS ψ¯(x)ψ(x)σ(x) ,
LV =− gV ψ¯(x)γµψ(x) vµ(x)
+
gT
2mN
ψ¯(x)σµνψ(x) ∂
νvµ(x) ,
(41)
where mN is the nucleon mass. Scalar and vector bo-
son masses will be denoted by mS and mV . Next, con-
sider the momentum space matrix elements of nucleon-
nucleon t-channel Born terms generated by these vertices
and identify their spin-orbit pieces. In the NN center-
of-mass frame, introduce initial and final state momenta,
p and p′, and total spin S = s1 + s2. Furthermore,
P =
1
2
(p+ p′) , q = p′ − p . (42)
The spin-orbit interaction matrix element deduced from
interactions in Eq. (41) to (leading) order p2/m2N is:
〈p′|VLS |p〉 =
− i
2m2N
[
g2S
q2 +m2S
+
3g2V + 4gV gT
q2 +m2V
]
S · (P × q) . (43)
We note that upon Fourier transformation, Eq. (43) turns
into the r-space spin-orbit potential,
VLS(r) =
1
2m2Nr
df(r)
dr
L · S ,
f(r) =
g2S
4pi
e−mSr
r
+
g2V
4pi
(
3 +
4gT
gV
)
e−mV r
r
, (44)
with L = r×P . For 〈L · S〉 = +1 in the 3P2 channel, the
spin-orbit potential is attractive since d/dr(e−mr/r) =
−(1 +mr)e−mr/r2 < 0.
Let us make a quick estimate of the magnitude of the
L ·S force at a distance r ∼ 1 fm between two nucleons.
The isoscalar coupling parameters are, roughly, g2S/4pi ∼
8 together with gV ' gS and gT ' 0. The isovector vec-
tor interaction has g2V /4pi ' 0.5 and gT /gV ' 6 (with
contributions from isoscalar and isovector vector interac-
tions to be added in I = 1 states such as two neutrons).
Using boson masses mS ∼ 0.5 GeV and mV ∼ 0.8 GeV,
this gives in the neutron-neutron 3P2 channel:
V nnLS (r ∼ 1 fm) ' −24 MeV , (45)
that is a characteristic order-of-magnitude documented
by nuclear phenomenology. Recall that an average dis-
tance of about 1 fm between nucleons corresponds to den-
sities 5 – 6 times the density of normal nuclear matter,
so it is already representative of the situation in neutron
star cores.
Now consider by analogy a corresponding scenario in
terms of quarks, i.e., we wish to examine 3P2 superfluid-
ity in the context of hadron-quark continuity. We seek
possible mechanisms that generate an L · S force at the
quark level.
The spin-orbit interaction between quarks can be pro-
duced by one-gluon exchange:
〈p′|VLS |p〉 = −i
2m2q
(∑
A
TA1 T
A
2
)
12piαs
q2
S · (P × q).
(46)
Fourier transforming this amplitude, one obtains the
spin-orbit potential:
V OGELS (r) = −
αs
2m2qr
3
L · S, (47)
where we have taken color 6 channel whose color pref-
actor is
∑
A T
A
1 T
A
2 = 1/3. In a
3P2 state, the order of
magnitude of a spin-orbit attraction between two quarks
exchanging a gluon is
V OGELS (r) = −42.5αs
( r
fm
)−3 ( mq
300 MeV
)−2
MeV .
(48)
With αs ∼ 0.5 we see that V OGELS (r ∼ 1 fm) is comparable
to the aforementioned value of Eq. (45).
Alternatively, consider NJL-type models that describe
the quasiparticle nature of quarks in the presence of
spontaneously broken chiral symmetry. Such models
have frequently been used in extrapolations to high den-
sity matter. We refer to a recent version that includes
scalar and vector couplings together with diquark corre-
lations [18, 36]:
Lint = G(q¯q)2 +H(q¯q¯)(qq)−GV (q¯γµq)2 . (49)
This model is guided by the quark-hadron continuity hy-
pothesis and designed to meet the stiffness conditions
on the EoS of dense matter imposed by the existence of
heavy (two-solar-mass) neutron stars and gravitational
wave signals from neutron star merger events. It fea-
tures a strongly repulsive vector interaction with a cou-
pling strength GV comparable in magnitude to the scalar
coupling G which in turn produces a “constituent” quark
mass of about 0.3 GeV starting from almost massless u
and d quarks. Typical values of coupling strengths are
G ' 2 Λ−2 , Λ ' 0.6 GeV , GV = (0.6−1.3)G . (50)
In the following we shall use GV ' G for guidance.
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The scalar and vector interactions in Eq. (49) generate
spin-orbit forces between quarks. In order to compare
with the previous discussion for neutrons, it is useful to
associate the characteristic NJL cutoff Λ with a mass
scale in a bosonized version of Eq. (49) involving scalar
and vector boson fields, σ(x) and vµ(x):
LS = −g˜S q¯(x)q(x)σ(x) ,
LV = −g˜V q¯(x)γµq(x) vµ(x) . (51)
For example, the scalar field satisfies
(∇2 − Λ2)σ(x) = g˜S q¯(x)q(x) , (52)
so that σ = −(g˜S/Λ2)q¯q and G = g˜2S/Λ2 in the long-
wavelength limit. Writing the scalar field as an expec-
tation value plus a fluctuating part, σ(x) = 〈σ〉 + s(x),
it is the expectation value 〈σ〉 = −(g˜S/Λ2)〈q¯q〉 that de-
termines the constituent quark mass through the NJL
gap equation, mq = −2G〈q¯q〉, while the fluctuating part
s(x) propagates between quark sources and generates ex-
change interactions.
The spin-orbit interaction between quarks produced by
the scalar and vector couplings (51) is:
〈p′|VLS |p〉 = − i
2m2q
[
g˜2S + 3g˜
2
V
q2 + Λ2
]
S · (P × q) . (53)
By comparison with Eq. (43) it becomes evident that the
spin-orbit forces between two neutrons and between two
d-quarks are of the same order of magnitude: with inclu-
sion of the isoscalar vector coupling in the neutron case
(i.e., omitting the isovector vector interaction for which
there is no obvious NJL counterpart) we have, roughly,
g˜2S + 3g˜
2
V
m2q Λ
2
∼ g
2
S + 3g
2
V
m2N m
2
V
. (54)
This correspondence can be further illustrated by con-
verting Eq. (53) into an equivalent spin-orbit potential in
r-space, now operating between constituent quarks:
V qqLS(r) =
1
2m2q r
df(r)
dr
L · S ,
f(r) =
(
g˜2S + 3g˜
2
V
)
e−Λr
4pi r
.
(55)
For example, two d-quarks in a 3P2 state and at a dis-
tance r ∼ 0.8 fm experience a spin-orbit attraction of
V ddLS(r ∼ 0.8 fm) ' −16 MeV , (56)
to be compared with Eq. (45). The values in the 3P0 and
3P1 channels are +32 MeV and +16 MeV, respectively.
Correspondingly larger magnitudes for the spin-orbit po-
tential result if one takes the stronger vector coupling,
GV = 1.3G instead of GV = G.
We can conclude that spin-orbit interactions between
nucleons have a close correspondence to spin-orbit inter-
actions between quark quasiparticles emerging from NJL-
type models with strong vector couplings. One can also
see that spin-orbit interactions between quarks arising
from one-gluon exchange reach a comparable magnitude.
As a consequence, the 3P2 neutron superfluidity scenario
in neutron star matter has an analogue in a similarly fa-
vored 3P2 superfluid pairing of d-quarks at high baryon
densities.
VI. SUPPORTING ARGUMENTS
We are proposing a novel phase, 2SC+〈dd〉, which in-
evitably arises from the viewpont of continuity to su-
perfluid neutron matter. The existence of such an addi-
tional component 〈dd〉 is suggested by further indepen-
dent arguments. Here we discuss the rearrangement of
diquark interaction terms and the neutron star cooling
phenomenology.
A. Coupling to the energy-momentum tensor
In the context of previous mean-field calculations
of color-superconducting quark matter in an NJL-type
model (see, e.g., Refs. [50, 51] for a review), a four-
fermion coupling in the 3P2 channel has so far been miss-
ing. It would then be instructive to see how the interac-
tion in this channel could be enlarged through the cou-
pling to the energy-momentum tensor in an explicit man-
ner. Let us consider the four-fermion coupling in the 3P2
diquark channel, i.e.,
IˆP = (ψ¯γi∇jCψ¯>)(ψ>Cγi∇jψ)
= (γiC)σσ′(Cγi)τ ′τ ψ¯σ(∇jψ)τ (∇jψ¯)σ′ψτ ′ , (57)
where σ, τ, . . . are spin indices.
Using the Fierz transformation matrix given explic-
itly in the Appendix A, the Fierz-rearranged four-fermion
coupling is found in the form
IˆP = −3
4
(ψ¯∇jψ)2 − 3
4
(ψ¯γ0∇jψ)2 − 1
4
(ψ¯γi∇jψ)2
+
1
4
(ψ¯σi0∇jψ)2 − 1
8
(ψ¯σij∇kψ)2 + 3
4
(ψ¯γ0γ5∇jψ)2
+
1
4
(ψ¯γiγ5∇jψ)2 − 3
4
(ψ¯iγ5∇jψ)2 , (58)
where we have introduced the compact notation
(ψ¯ Γ∇jψ)2 for (ψ¯ Γ−→∇jψ)(ψ¯←−∇j Γψ) in each of the terms
on the right-hand side.
Notably, this Fierz transformed IˆP has a direct cor-
respondence to the energy-momentum tensor in the
fermionic sector, Tµν = ψ¯iγµ∂νψ. For matter in equilib-
rium, Tµν = diag[ε,−p,−p,−p], with the energy density
ε and the pressure p of fermionic matter. The tree-level
expectation value of IˆP in Eq. (58) thus becomes
〈IˆP 〉 ≈ 3
4
p2 . (59)
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It is evident from this algebraic exercise that the 3P2
diquark interaction couples to the pressure which is a
macroscopic quantity. Even if the direct mixing be-
tween the quark-antiquark (hole) and the diquark sec-
tors may not be large, the superfluid energy gap can be
enhanced by the macroscopic expectation value of the
energy-momentum tensor as given in Eq. (59). Here, we
also make a remark about a gauge-invariant description
of the 3P2 diquark condensate. To form a gauge-invariant
quantity the color indices are saturated, and as long as
〈IˆP 〉 6= 0 as in Eq. (59) and the quark-hadron continuity
is postulated, the 3P2 diquark condensate squared is al-
ways mixed with the energy-momentum tensor squared
through 〈IˆP 〉 6= 0.
B. Aspects of neutron star cooling phenomenology
The temperature of a neutron star and its time evo-
lution (cooling), which can be read off from the thermal
radiation from the stellar surface, provides information
about processes occurring in the interior. A salient fea-
ture of the mechanisms behind neutron star cooling is
their sensitivity to possible quark degrees of freedom in-
side the stellar core.
In attempts to describe the actual neutron star cooling
data, pure 2SC quark matter turns out not to work [52].
This is due to the onset of the direct quark Urca process,
which strongly affects the cooling curve of the star. If
we assume pure 2SC matter only, some d-quarks are not
paired and remain as a normal component. Thus these
residual quarks in the normal phase emit neutrinos via
the direct Urca process and efficiently induce cooling of
the star. Once the stellar mass exceeds a critical value
for which the direct Urca process sets in, the star cools
too fast. In the earlier study of Ref. [52], one could in
principle explain the existing data (at the time of 2005)
with pure 2SC matter, but it needs unlikely assumptions.
Hence, the existing data is in favor of forming the pairing
among the residual quarks, so that the superfluid gap ex-
ponentially suppresses the direct Urca process. A way to
proceed phenomenologically is to introduce ad hoc an ad-
ditional species X with a hypothetical density-dependent
pairing gap, ∆X, so that “2SC + X” matter fits the em-
pirically observed cooling pattern [52], including young
and cold sources such as PSR J0205+64 as well as old
and warm sources such as PSR 1055-52. This additional
weak pairing channel needs to have a small gap ∆X rang-
ing between 10 keV and 1 MeV.
One can speculate that 1S0 or
3P2 superfluidity of
d-quarks with its gap proportional to 〈dd〉 might be a
natural candidate to substitute for the unknown X. The
typical magnitude of the neutron 3P2 gap is ∆nn ∼ 0.1
MeV [53, 54] (see also the recent review [24]). As we
have pointed out in Sec. V B, the attractive components
of spin-orbit forces between two neutrons or two d-quarks
are of similar magnitude, so that one can expect a gap,
∆dd of order 10 - 100 keV, also for d-quark pairing. This
would be in accordance with the postulated properties
of X. Further justification by calculating ∆dd microscop-
ically is left for future studies. As mentioned in Sec. III B,
there may be ungapped modes, which might dominate
the direct Urca cooling. These modes, however, could be
heavy and eliminated from the low energy excitations by
chiral symmetry breaking. A dynamical study of chiral
aspects of 〈dd〉 would also be motivated in this context.
VII. SUMMARY AND CONCLUSIONS
Quark-hadron continuity postulates a soft crossover
from hadronic to quark degrees of freedom in cold and
dense baryonic matter if the symmetry-breaking patterns
in the hadronic and quark domains are identical. Under
these conditions there is no phase transition from hadrons
to quarks. This scenario has been rigorously formulated
for the idealized case of matter composed of three mass-
less (u, d, s) quark flavors. The special situation with
NF = NC = 3 implies color-flavor locked (CFL) con-
figurations of diquark condensates. The CFL phase of
quark matter has the same symmetry-breaking pattern
as the corresponding three-flavor hadronic phase with a
baryonic superfluid. As part of this joint pattern, chiral
symmetry is spontaneously broken in both hadronic and
quark phases.
Explicit chiral symmetry breaking by the non-zero
quark masses in QCD separates the heavier strange quark
from the light u and d quarks. The composition of cold
matter in the real world is therefore governed by u and d
quarks with their approximate isospin symmetry. Matter
exists in the form of nuclei, and in the form of neutron
stars at higher baryon densities. Idealized three-flavor
matter is not the preferred ground state. The strange
matter hypothesis is not ruled out here, but given the em-
pirical stiffness constraints for the neutron star equation-
of-state, we relegate its possibility to even higher den-
sity scales. One can then raise the question whether
matter with two-flavor symmetry is still characterized
by quark-hadron continuity, or whether the symmetry
breaking patterns in hadronic matter versus quark mat-
ter are fundamentally different so that they are separated
by a phase transition.
The present work addresses this issue for the case of
neutron matter and comes to the conclusion that quark-
hadron continuity can indeed be realized in such a two-
flavor system. The key to this conclusion comes from a
detailed investigation of superfluidity in both hadronic
and quark phases. Dense matter in the core of neutron
stars serves as a prototype example.
In neutron matter at low densities, the attractive S-
wave interaction between neutrons at the Fermi surface
generates 1S0 superfluidity. At higher densities the S-
wave interaction turns repulsive and 3P2 neutron super-
fluidity takes over, driven by the attractive spin-orbit
interaction in this channel. The prime question from
the viewpoint of quark-hadron continuity is whether, at
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even higher densities, 3P2 superfluidity has an analogue
in quark matter such that the associated order parameter
can be translated continuously from one phase of matter
to the other. In the preceding sections of this paper we
have explored symmetry aspects and dynamical mech-
anisms related to this issue. The basic results are the
following:
• Formal rearrangements including all relevant sym-
metries permit a systematic translation from
dibaryonic operators to diquark operators and their
respective condensates, for both two- and three-
flavor symmetric matter.
• For the interesting case of neutron matter, it is
shown that superfluidity involving neutron pairs,
〈nn〉, transforms into the superfluid pairing of d-
quarks, 〈dd〉, together with the formation of 〈ud〉
diquark condensates.
• The strong short-range repulsion in the interac-
tion of two neutrons has an analogue in the re-
pulsive short-distance force between two d-quarks.
This mechanism disfavors S-wave superfluidity of
d-quarks at high density, in the same way as it dis-
favors 1S0 neutron superfluidity at baryon densities
larger than about half the density of normal nuclear
matter.
• The strong spin-orbit interaction between nucleons
has an analogous counterpart in a corresponding
L · S force in the quark sector, generated by one-
gluon exchange or by vector couplings of quarks
as they appear, for example, in extended Nambu–
Jona-Lasinio models. The spin-orbit forces be-
tween two neutrons as well as between two d-quarks
are attractive in the triplet P -wave channel with
total angular momentum J = 2. Therefore 3P2
superfluidity in neutron matter finds its direct cor-
respondence in 3P2 superfluidity produced by d-
quark pairing in quark matter.
Altogether these findings suggest the presence of iden-
tical symmetry breaking patterns, and hence quark-
hadron continuity, in the transition from neutron mat-
ter to two-flavor quark matter. The new element in this
case is the continuity of 3P2 superfluidity between the
hadronic and the quark phase. The associated order pa-
rameter involves a tensor combination of spin and mo-
mentum. The corresponding 3P2 four-fermion coupling
has not been considered in previous quark matter stud-
ies. It offers novel perspectives, such as its close connec-
tion to the pressure component of the energy-momentum
tensor, a macroscopic quantity. The 3P2 superfluidity is
also of interest in the context of neutron star cooling.
Our continuity scenario could be relevant to the QCD
phase diagram with an isospin imbalance. An interesting
possibility would be a continuity scenario between the
3P2 superfluidity and crystalline color-superconducting
states. These and related topics are to be explored in
future studies.
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Appendix A: Fierz transformation
The Fierz transformation matrix used in the deriva-
tions of relations in Sec. VI A is displayed here in its ex-
plicit form for convenience of readers. For further details,
readers can consult Appendix A of Ref. [50].
The relevant Fierz identity is given in a matrix form as
D =

− 14 14 14 14 14 14 14 14
− 14 14 − 14 − 14 14 − 14 14 − 14
− 34 − 34 − 14 14 − 14 34 14 − 34
− 34 − 34 14 − 14 − 14 − 34 14 34
− 34 34 − 14 − 14 − 14 34 − 14 34
1
4
1
4 − 14 14 − 14 − 14 14 14
3
4 − 34 − 14 − 14 14 34 14 34
1
4
1
4
1
4 − 14 − 14 14 14 − 14

Γ , (A1)
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where the diquark and the quark-antiquark (hole) interaction channels are
D =

Cσσ′Cτ ′τ
(γ0C)σσ′(Cγ0)τ ′τ
(γiC)σσ′(Cγi)τ ′τ
(σi0C)σσ′(Cσi0)τ ′τ
1
2 (σ
ijC)σσ′(Cσij)τ ′τ
(γ0γ5C)σσ′(Cγ0γ5)τ ′τ
(γiγ5C)σσ′(Cγiγ5)τ ′τ
(iγ5C)σσ′(iCγ5)τ ′τ

, Γ =

(1)στ (1)σ′τ ′
(γ0)στ (γ
0)σ′τ ′
(γi)στ (γi)σ′τ ′
(σi0)στ (σi0)σ′τ ′
1
2 (σ
ij)στ (σij)σ′τ ′
(γ0γ5)στ (γ
0γ5)σ′τ ′
(γiγ5)στ (γiγ
5)σ′τ ′
(iγ5)στ (iγ
5)σ′τ ′

. (A2)
Taking the inverse of the above matrix, we can immediately derive an identity to reexpress the diquark interaction in
terms of the quark-antiquark (hole) interaction. In this way we can read the matrix elements to derive a translation
from Eq. (57) to Eq. (58).
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